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Abstract. One of the reasons for learners to have poor covariational reasoning is because learners understand covariation 

to the extent that it is procedural, while conceptually it is not fully understood. The goal to be achieved is to describe the 

process of student covariational reasoning in constructing graphs. This research uses a qualitative approach. This type of 

research is qualitative research in which the main data is written and/or spoken words. The subjects in this study were 

odd semester students consisting of 3, 5, and 7 Mathematics Education Study Programs, Faculty of Mathematics, Natural 

Sciences and Technology IKIP-PGRI Pontianak. The research instrument consists of the main instrument, namely the 

researcher himself and the supporting instrument, namely the task of covariational problems in the form of a written test 

and interview guidelines. Data analysis by processing and preparing data from the assignment results to interpreting the 

data and making conclusions. This study examines the process of student covariational reasoning in solving dynamic 

incident problems. Students initially experience a pseudo error, however, along with the problem-solving process 

students can eliminate pseudo thinking that was initially experienced. Students have been able to solve covariational 

problems at Level 5, where these problems require students to be able to coordinate changes in the value of one variable 

against changes in the value of other variables. The problem at level 5 also requires students to be able to see changes in 

time and changes in water level that occur continuously by paying attention to the irregular shape of the bottle. The 

existence of the Covid-19 pandemic provides a limit for researchers in collecting data that should have been done 

directly online. This limits researchers to dig deeper into what students think in depth. The number of students who can 

solve this problem needs to pay attention to the IKIP PGRI Pontianak Institute to compile a curriculum or learning media 

that instils the concept of reasoning. 
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I. INTRODUCTION 

Theoretically, covariational reasoning competence is 

needed to support one's success in translating representations 

(Yemen-Karpuzcu et al., 2015). Therefore, it is necessary to 

have the ability of students to analyze the change in value 

patterns of one variable with other related variables in 

various contexts (Fennel & Rowan, 2001). In line with this, 

learners need to develop a deeper understanding of 

understanding in analyzing patterns of change in the quantity 

that can be represented mathematically (Carlson et al., 2002; 

Johnson et al., 2017; Thompson & Carlson, 2017). 

Importantly, covariational reasoning is also the basic 

foundation for understanding proportions (Lobato & Siebert, 

2002) ; rate of change (Gyamfi & Bosse, 2013; Herbert & 

Pierce, 2012); variable (Dogbey, 2016); trigonometry 

(Moore, 2014); exponential (Ellis et al., 2015; Ellis et al., 

2016); function one and two variables (Carlson, 1998; 

Carlson et al., 2002; Weber & Thompson, 2014). All of 

these materials are evenly listed in the curriculum for the 

preparation of prospective teachers, especially in the field of 

mathematics. Therefore, covariational reasoning needs 

special attention in preparing prospective teachers. 

To strengthen covariational reasoning competencies, 

Carlson et al. (2002) have created a covariational reasoning 

framework to examine learners' reasoning when solving 

dynamic event problems. Within that framework, Carlson et 

al. (2002) have argued that covariational reasoning is 

“cognitive activities involved in coordinating two varying 

quantities while attending to the ways in which they change 

http://creativecommons.org/licenses/by-nc/4.0/
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in relation to each other”. In line with thought Saldanha & 

Thompson (1998) within the framework of the covariational 

reasoning, Carlson et al. (2002) have created 5 Levels of 

Covariational Reasoning supported by 5 Mental Actions 

which the framework forms the basis for subsequent 

research on covariational reasoning. 

Covariational reasoning has been of particular concern to 

some researchers. This is indicated by the number of studies 

that discuss covariational reasoning. Thompson et al. (2017) 

have investigated the covariational reasoning of 487 teachers 

with details of 121 high school teachers in the USA, 366 

teachers in South Korea (264 SMA, 102 SMP). 

Covariational reasoning research was also carried out on 

college students in Southwestern America (Moore, 2014; 

Moore & Carlson, 2012; Paoletti & Moore, 2017); 102 

students in Australia (Wilkie, 2019); 36 students in Turkey 

(Yemen-Karpuzcu et al., 2015); and 15 students in Mexico 

(Ferrari-Escolá et al., 2016). The results showed that 

students, college students, and teachers still experience 

difficulties in solving problems that require covariational 

reasoning. This is caused by epistemological obstacles 

caused by the education system (Thompson et al., 2017). 

One of the reasons learners have poor covariational 

reasoning is because learners understand covariation to the 

extent that it is procedural, while conceptually it is not fully 

understood. In line with this opinion, Subanji (2007) stated 

that: “ The ability of students to interpret function graphs is 

still lacking, students have difficulty interpreting and 

representing concavities and inflection points, many students 

are not able to view function graphs as a representation of 

the relationship between two variables, it is more difficult 

for students to construct graphs given its analytical 

properties than known formulas. function, and students have 

difficulty in constructing a dynamic event function graph“. 

In line with Subanji's thought, some experts have also 

stated that there are still many students who do not seem to 

understand the reasons why from the problem-solving 

procedure step and do not coordinate the two changing 

variables simultaneously. (Carlson, 1998; Carlson et al., 

2002; Moore et al., 2013). Whereas, Thompson (1994) has 

stated that understanding the dynamic conceptual 

relationship is a basic thing in linking two changes in 

quantity to construct an image.  

From the explanation above, both representational 

translation and covariational reasoning are still difficult 

things for students, prospective teachers, students and 

teachers. Therefore, the preparation of covariational 

reasoning competencies for prospective teachers needs 

special attention. Hence, the thought process regarding 

representation translation involves covariational reasoning 

with the problem. 

There are 2 out of 25 students who have been able to 

sketch graphics perfectly. The few students who were able to 

sketch a graph of the change in time to the height of the 

water in the bottle (Fig. 1), shows that the bottle problem is a 

serious problem for students. (Sandie et al., 2019). 

 

 
Fig. 1 The Bottle Problem (Carlson et al., 2002) 

 

Based on the results of preliminary studies on 

representational translation problems that require 

covariational reasoning competencies from the graph to 

pictorial form, and from pictorial form to graphical form, it 

shows that students experience difficulties when students are 

faced with mathematical problems that contain information 

on the size of exact numbers. The few students who were 

able to solve the problem indicated that this was a serious 

problem for students. Given that students of the Mathematics 

Education study program are prospective teachers in the 

future and play a major role in educating and imparting 

concepts to students. Therefore, the process of preparing 

prospective teachers with good concepts needs special 

attention. For this reason, research on student covariational 

reasoning in constructing graphs. 

II. METHODOLOGY 

This research uses a qualitative approach. One of the 

characteristics of qualitative research is that the research 

process always develops dynamically, where all stages in the 

research process may change after the researcher enters the 

field and starts collecting data. For example, the individuals 

studied and the locations visited may also change over time 

(Creswell, 2014). 

This research is interpretative as a whole, meaning that 

the researcher makes interpretations based on what is seen, 

heard, and understood in the field. Researchers also try to 

create a complex picture of the problem under study. Thus, 

this study provides various views regarding the 

interpretations of the data obtained. 

This type of research is qualitative research where the 

main data are written and/or spoken words. Researchers 

studied the nature of the representation translation process 

which began by asking the subject to solve covariation 

problems from verbal forms converted into graphical and 

pictorial forms in writing, then continued with in-depth 

interviews regarding the subject's process in translating 

covariation problem representations from verbal to graphical 

forms, and from verbal form to pictorial form.  

The research location was in the S1 Mathematics 

Education Study Program, Faculty of Mathematics, Natural 

Sciences and Technology IKIP-PGRI Pontianak. The 

research was started from April 2020 to May 2020. The 
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reason for determining the place of research at IKIP-PGRI 

Pontianak is because the research site is a place to prepare 

prospective teachers who are professional in their fields, 

especially Mathematics Education. Therefore, preparation 

for the consolidation of covariational reasoning 

competencies of prospective teachers needs special attention. 

The selection of subjects in this study were odd semester 

students namely 3, 5, and 7 Mathematics Education Study 

Program, Faculty of Mathematics, Natural Sciences and 

Technology IKIP-PGRI Pontianak. College student. The 

reason for researching 3rd-semester students and above is 

because students have taken the differential calculus course. 

Subjects were not selected randomly, but by considering 

their communication skills and ability to solve covariational 

problems.  

A total of 40 students were given covariational problems. 

During the process of solving problems, all students were 

asked to verbalize what they thought (think aloud) while 

writing down their answers. After students solve the given 

covariational problems, researchers sort out the 

completeness of the data obtained through the results of 

student work. Researchers sorted the completeness of the 

data into the categories of complete and incomplete answers.  

For students who do not provide complete answers, the 

researcher categorizes that these students are not research 

subjects. Meanwhile, for students who provide complete 

answers, the researcher categorizes that these students are 

prospective research subjects. Furthermore, the researcher 

interviewed all students who were categorized as prospective 

research subjects to confirm the information that the 

researcher thought was unclear and obtained information 

that had not been obtained from the student think-aloud data. 

When the interview process was carried out, the researcher 

was able to determine the right or wrong answers given by 

the students. If the student gives the correct answer, then the 

student is the subject of research. If the student gives a 

wrong answer, the student can reflect on his own so that the 

student gets the right answer. The researcher categorized 

these students into the category of research subjects, and 

students who were unable to reflect on their own by the 

researcher categorized them in the non-research subject 

category. Students reflect and give incorrect answers and the 

researchers categorize them as non-research subjects. 

After categorizing the research subjects and not the 

research subjects, the researcher again saw the adequacy of 

the number of subjects for data analysis. If the researcher 

sees that the research subject is enough, then the researcher 

the research subject collection process is complete. If the 

researcher sees that the research subject is still lacking, then 

the researcher returns to giving covariational problems to 

other students with the same process until the research 

subject is fulfilled. 

This research instrument consists of the main instrument 

and supporting instruments. The main instrument is the 

researcher himself, while the supporting instruments are the 

assignment of covariational problems and interview 

guidelines. The covariational problem task is a written test 

that aims to identify the translational process of covariational 

problem representations. This task requires students to 

reason optimally to solve covariational problems of dynamic 

events. 

The research data collection was carried out through the 

assignment of translational representations of covariational 

problems, interviews and video recording. The assignment is 

given aims to obtain a translational process of student 

representation. Interviews were conducted to reveal the 

thought process if it was not identified through think aloud 

and to confirm the translation process if identified through 

think aloud. Video recording is done to obtain more detailed 

information about the student's translation process in solving 

covariational problems and interviews. The data collection 

procedure is presented in Fig. 2. 

The steps are taken in analyzing research data are as 

follows: (1) processing and preparing data from the 

assignment results, video recording think aloud and 

interview recording for analysis, (2) making think-aloud 

transcriptions and interview results, (3) reading the whole 

data, (4) reducing data and making summaries containing 

content, thought processes and statements, (5) coding 

(categorization based on its preparation), (6) checking the 

validity of data, (7) analyzing interesting things, and ( 8) 

interpreting data and making conclusions. The complete data 

analysis process is presented in Fig. 3. 

III. RESULTS AND DISCUSSION 

A. Results 

This research examines and describes qualitatively 

Student Covariational Reasoning in Solving Dynamic 

Incidence Covariational Problems. To describe the process 

of covariational reasoning, the researcher gave a dynamic 

incident covariational problem to 40 undergraduate students 

of the Mathematics Education Study Program, Faculty of 

Mathematics, Natural Sciences, and Technology, IKIP PGRI 

Pontianak with the same proportion for semesters 3, 5, and 7. 

The Bottle Problem requires students to construct a graph 

of a dynamic event with changes that occur continuously 

where the change in speed increases and decreases. Students 

are asked to construct a graph of the change in time to the 

fuel level based on the incident of filling water in a spherical 

bottle with static water velocity. Of the 40 students who 

were given problems with covariational problems, only one 

student answered correctly. This shows that the bottle 

problem is a big problem for mathematics education study 

program students.  
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Fig. 2 Research Data Collection Procedures 

 

There are also results of student work that can solve 

covariational problems are presented in Fig. 4. 

 

 
Fig 4. Student Work Results who answered Correctly 

 

There are also reasons given by students for their work 

results are presented in Fig. 5. 

 

 
Fig. 5 The Reason For The Results Of Student Work Who Answered 

Correctly 

A total of 40 students who were given many covariational 

problems could not solve the problems correctly. There are 

also some sample samples of student answers and their 

reasons are presented in Fig. 6 until Fig. 9. 

 

 
Fig. 6 Results Of Student Work Who Answered Wrong 
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Fig. 3 Research Data Analysis Process 

 

 

 
Fig. 7 The Reason For The Results Of Student Work Who Answered 

Incorrectly 

 
Fig. 8 Results of Student Work who answered Wrong 
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Fig 9. The Reason For The Results Of Student Work Who Answered 

Incorrectly 

B. Discussion 

Based on the presentation of the data in results, it shows 

that covariational problems are a big problem. Overall, the 

40 students who were given the problem were only 1 person 

who could answer correctly. This is in line with several 

studies which reveal that problems requiring covariational 

reasoning are still an obstacle for students, students, 

prospective teachers and teachers both in the USA, South 

Korea, Australia, Turkey, and Indonesia. (Ferrari-Escolá et 

al., 2016; Moore, 2014; Moore & Carlson, 2012; Moore et 

al., 2019; Sandie et al., 2019a; Sandie et al., 2019b; 

Thompson & Carlson, 2017; Wilkie, 2019; Yemen-

Karpuzcu et al., 2015). One of the causes of covariational 

problems that become a problem is reading ability (Carlson 

et al., 2015). Good reading skills provide understanding for a 

person to understand a given problem accurately. Good 

reading skills will also sharpen to sort out which information 

is meaningful and meaningless information, information that 

can be used to construct solutions at the planning stage of 

solving at the problem-solving stage (Polya, 1973). 

After explaining students' difficulties in solving the bottle 

problem, we will discuss more deeply the student process in 

solving covariational problems of dynamic events which 

refers to the covariational reasoning framework proposed by 

(Carlson et al., 2002). In mental action 1 (MA1) students 

coordinate the value of one variable with changes in the 

value of other variables. At MA1, students determine which 

independent variable and dependent variable. The following 

is the results of interview research subjects who answered 

correctly: 

Investigator:  What have you understood through the 

information obtained on the problem? 

College Student: I understand that the changes in time that 

occur will be different at certain altitudes. 

Investigator: In your opinion, what are the dependent 

and independent variables in this problem? 

College Student: The independent variable is the water level, 

while the dependent variable is the change 

in time. Because the water level affects the 

change in time. 

Investigator: What is the reason? 

College Student: Because the water level affects the change 

in time. 

The results of the interview show that students are confused 

in determining which independent variable should be a 

change in time and the dependent variable is the change in 

water level.  

After MA1 is completed, students continue to Mental 

Action 2 (MA2). In MA2, students can coordinate the 

direction of change from one variable value by paying 

attention to changes in values in other variables. At MA2, 

students realize that the direction of the graph at the time 

changes the higher the value is getting bigger and the 

direction of the graph at the water level is getting to the right 

the value is getting bigger and vice versa. In Mental Action 3 

(MA3) students realize that the higher the water level, the 

more time it takes. In Mental Action 4 (MA4), students 

coordinate between changes in water level and changes in 

time. In Mental Action 5 (MA5), students can determine the 

curvature of the graphic which is adjusted to the shape of the 

bottle. At MA5, students can determine changes that occur 

instantaneously where the coordination between changes in 

water level and changes in time. 

Although, the process expressed by students from MA1 to 

MA5 shows that time change is the dependent variable 

which should be an independent variable and changes in 

water level are independent variables that should be the 

dependent variable. However, based on the process of work 

and interviews, along with the reasons put forward by 

students, it shows that students understand the incident from 

the information provided. After being confirmed through 

written reasons from students in expressing their answers. 

The student shows that he understands the correct conditions 

when solving covariational problems. 

There was also a reason expressed by the student, namely 

"this was caused by the irregular shape of the bottle that 

affected the graphics. Where at the bottom of the cross 

section of the small bottle so that the change in time 

increases quickly, the upward slows down to the middle. 

From the center of the bottle to the top the faster it will be ”. 

Based on these reasons, it can be said that at the beginning 

of solving problems, students experience pseudo thinking 

(Subanji, 2011). The pseudo that happened to these students 

was pseudo wrong, but the construction of knowledge when 

solving the problem changed from being wrong to true 

unconsciously. 

Therefore, it is necessary to research how to make 

teaching materials or curricula that guide one's covariational 

reasoning in solving problems that require deep reasoning. 

This needs to be done considering that covariational 

reasoning is an essential competence in understanding 

calculus and courses with higher difficulty. 

IV. CONCLUSIONS 

This study examines the process of student covariational 

reasoning in solving dynamic incident problems. Students 

initially experience a pseudo error, however, along with the 

problem-solving process students can eliminate pseudo 

thinking that was initially experienced. Students can solve 

covariational problems at Level 5, which requires students to 

be able to coordinate changes in the value of a variable 

against changes in the value of other variables. The problem 

at level 5 also requires students to be able to see changes in 

time and changes in water level that occur continuously by 

paying attention to the irregular shape of the bottle. The 
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existence of the Covid-19 pandemic provides a limit for 

researchers in collecting data that should have been done 

directly online. This limits researchers to dig deeper into 

what students think in depth. The number of students who 

can solve this problem needs to pay attention to the IKIP 

PGRI Pontianak Institute to compile a curriculum or learning 

media that instils the concept of reasoning. 
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